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In traditional Chinese mathematics the mutual-subtraction algorithm, which appeared 
early in the first century A.D., was used to lind the greatest common factor and least 
common multiple of integers; to calculate the common period of fractional periods; and to 
obtain best approximations of decimals as well as to solve congruences and indeterminate 
equations of first degree. These various operations have both international and practical 
significance. The mutual-subtraction algorithm and the Euclidean algorithm are well 
matched. Zhu Chongzhi’s approximation T = 355/l 13 was psibiy made by the algorithm. 
Around 1800 the European mathematicians L. Euler, J. L. C. Lagrange, and C. F. Gauss 
discovered a solution for congruences of first degree which is the same as the corresponding 
Chinese method using the algorithm, but the latter is about 600 years older. 8 1988 Academic 
press. inc. 
In der alten chinesischen Mathematik wurde der Algorithmus der wechselseitigen Sub- 
traktion, der im frtihen 1. Jahrhundert v.Chr. auftauchte, sowohl benutzt, urn den groaten 
gemeinsamen Teiler, das kleinste gemeinsame Vielfache von ganzen Zahlen zu finden, urn 
die gemeinsame Periode von Bruchzahlenperioden zu berechnen, urn die beste Approxima- 
tion von Dezimalzahlen zu erhalten, als such urn Kongmenzen und unbestimmte Glei- 
chungen ersten Grades zu Ibsen. Diese verschiedenen Operationen haben intemationale und 
praktische Bedeutung. Der Algorithmus der wechselseitigen Subtraktion und der Euklidi- 
sche Algorithmus passen gut zusammen. Zhu Chongzhis Approximation 7r = 355/l 13 wurde 
moglicherweise mit Hilfe des ersten Algorithmus ermittelt. Die Losung der urn 1800 ar- 
beitenden europaischen Mathematiker L. Euler, J. L. C. Lagrange, C. F. Gauss von Kon- 
gmenzen ersten Grades ist dieselbe wie die entsprechende chinesische Methode mit Hilfe 
des Algorithmus, aber jene kam erst rund 600 Jahre spater auf. 8 1988 Academic RSS, IX 
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In problem 6, chapter 1, Fangtian [a] (field mensuration), in the Jiuzhang Suan- 
shu [b] [ 1] (Nine Chapters on the Mathematical Art), there is given the method of 
reducing a fraction to the simplest form. The rule for the operation reads: “Where 
capable of halving, halve it, when not capable halving, set down the denominator 
and the numerator, and from the greater subtract the smaller. Repeat the process 
and finally one finds Dengshu [c] (equal number). Simplify with this Dengshu.” 
1. GREATEST COMMON FACTOR 
We compare the algorithm of mutual-subtraction with Propositions 1 and 2 of 
Book VII of the Elements by Euclid. It is obvious that Dengshu is nothing more 
than the greatest common factor of the two integers a and b. Let a > b. then by 
mutual-subtraction there exist a series of equalities 
a = bq, + rl (b > rl > 0) 
b = rlq2 + r2 b-1 > r2 > 0) 
f-1 = r2q3 + r3 (r? > r3 > 0) 
. . 
f-,-3 = m-2qn-1 + t-,-l C-,-2 > r,-l > 0) 
r,-2 = r,-iqn + r,, 
if r, = 0, and then r,-1 = (r,-1, rnm2) = . . . = (rl, b) = (a, b) [2]. 
However, the mutual-subtraction algorithm studied in China is somewhat dif- 
ferent from the Euclidean algorithm. In ancient China people habitually say r; = 
rnml instead of r, = 0, i.e., instead of 
make 
rn = r,-z - r,-lqn = 0, 
, 
r, = r,-2 - r,-1h - 1) = rnPl = (a, b), 
so r; = r,-], the greatest common factor, was called Dengshu, the equal number. 
For instance, 
Euclidean algorithm Mutual-subtraction 
49 91 49 91 
42 49 -42 -49 
142 7 
- 
42 
42 -7 x 5 
?I 7 
(49, 91) = 7 Dengshu 7 = 7 = (49, 91) 
We know that division is the simplified operation of subtraction. The algorithm 
of mutual-subtraction is subsequently replaced by mutual division (the so-called 
Euclidean algorithm). However, the algorithm of mutual-subtraction still has its 
vitality, e.g., (1008, 1260,882, 1134) = (1008 - 882, 1260 - 1134,882,1134 - 882) 
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= (126, 126,882 - 126 x 6, 252 - 126) = (126, 126, 126, 126) = 126. It is simpler 
than the ordinary way, mutual division two by two. 
On the other hand, the Elements is famous for its strict proofs; but there are also 
inadequacies. Proposition 2, Book VII, explains how to find the highest common 
factor of a and b, which are relatively prime. In the process of the proof Euclid 
discussed only two particular steps: 
if r2 = 0, then yl = (~1, b) = (a, b), 
if ~3 = 0, then r2 = (Y,, ~2) = (ri, b) = (a, b). 
It is surprising that Euclid ignored the general case. However, Liu Hui [d], the 
Chinese mathematician, noted the general meaning of the algorithm in finding 
Dengshu. In his comments (A.D. 263) for problem 6, Fangtian, JZSS, he says: 
“Mutually subtract so as to get the remainders which are all the overlappings of 
Dengshu.” It is indeed a suitable proof. For Liu Hui realized that the remainders, 
including a and b, from the largest to the smallest, are all the multiples (overlap- 
pings) of Dengshu. To mutually subtract the remainders from each other means to 
make the multiples smaller and smaller, i.e., to diminish the number of overlap- 
pings. If, finally, rA = rnml. so that the Dengshu exists, it would be the common 
factor of all of the remainders, including a and b. And since no other number, 
greater than Dengshu, can divide Dengshu itself, it is also the greatest common 
factor of a and b. 
In ancient China people calculated with counting rods on carpet or board, but 
no one knows how they really worked in the mutual-subtraction algorithm [3]. 
Fortunately, problem 3, section 2, Shushu Jinzhang [e] [4] (Mathematics ofNine 
Sections, 1247) written by Qin Jiushao [f] has a diagram to show the whole 
processes for finding (4108, 468) = 52 by the algorithm (see Fig. 1). 
In the history of Chinese mathematics the mutual-subtraction algorithm was 
applied further in broad fields. 
2. LEAST COMMON MULTIPLE 
It is to be regretted that there was no prime-number concept in ancient China. 
There were, however, a series of methods to find the least common multiple of 
integers. Among them, here we introduce the method related to the mutual- 
subtraction algorithm. 
Problem 35, volume 3, Sun Zi Suanjing fg] (A4uthematical Classic written by 
Sun Zi, ca. A.D. 400), has vestiges of a method for finding the least common 
multiple of integers by means of the mutual-subtraction algorithm. The problem is: 
“There are three sisters, of whom the oldest comes home once in every 5 days, 
the middle in every 4 days, and the youngest in every 3 days. In how many days 
will all the three meet together?” The answer is 60 days. To solve it Sun Zi gave 
the rules in these words: “Arrange the 5 days of the oldest, the 4 days of middle 
and the 3 days of the youngest in right column. Opposite to each of these arrange 
unity on the left column. Then cross multiply (the numbers on the right), when we 
get the numbers of their returning. Thus the oldest comes 12 times, the middle 15 
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times, and the youngest 20 times. If we multiply these numbers by the numbers of 
days in which the sisters once come back we shall obtain the desired answer.” 
In studying the words carefully we discover that at first Sun Zi put down the 
data as follows: 
20=5x4.. . . . .l 5 
15=5x3.. . . . .l 
12=4x3.. . . . .l E 
4 
3 
It means that the days two of the sisters meet together (the oldest and the middle, 
the oldest and the youngest, the middle and the youngest) are 
FIG. 1. Episode from section 2, SSJZ. The processes of finding (4108, 468) = 52 by the mutual- 
subtraction algorithm. It reads 
quotient quotient 
Dengshu 3 8 
52 52 364 364 4108 
Dengshu 
52 104 104 468 468 
quotient quotient 
1 1 
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[3, 41 = gy = 12, [5, 31 = - 5x3 5x4 = 15, [5, 41 = = , (59 3) (5, 4) 2% 
which is what Sun Zi said in the first part, and then 
[3, 4, 51 = [3, [4, 511 = [3, 201 = g$ = [[3, 41, 51 = [4, [3, 511 = 3 x 4 x 5, 
which is what Sun Zi discussed in the second part. 
Accumulating the results of several centuries Qin Jiushao summed up a general 
rule in SSJZ, i.e., 
ab 
[a, bl = ta, b)’ 
In addition, he gave general rules to find the least common multiple of several 
integers, and appended other further complicated requirements, which we shall 
describe in another paper. Using these rules Qin got splendid results, e.g., [54,57, 
72, 751 = 102,600 (problem 3, section 1, SSJZ), [130, 120, 110, 100, 60, 50, 25, 
201 = 85,800 (problem 8, section 1, SSJZ). 
3. COMMON PERIOD OF FRACTIONS 
Problem 10, volume 1, Zhang Qiujian Suanjing [h] (Mathematical Classic writ- 
ten by Zhang Qiujiang, ca. 5th century A.D.), says: “Around a hill there is a 
circular way of 325 li [i] [5]. Three persons A, B, C, run along the way of speed 
150, 120, 90 li a day respectively. If they start from the same point, how many 
days after would they meet together at the original starting point?” The answer is 
108 days. To solve it Zhang gave the rule in these words: “Find Dengshu of A, B, 
C’s speed. Using the length of the circular way divided by Dengshu we would get 
the answer.” 
We think that in Zhang’s days the Chinese knew how to find the common period 
of fractions from the data given: A, B, and C run along the hill in 325/150,325/120, 
325190 days every cycle. As we know if x/y is the common period of bla, dlc, f/e, 
then x and y are relatively prime, and 
Y [b, dfl -=- 
x (a, c, e) 
(see [6]) so the minimum number of days before they meet again is as Zhang 
says, “The length of the way divided by Dengshu.” This means that 
[325, 325, 3251 325 
(150, 120, 90) = 30 = I@. 
It is well known that the Japanese learned much from Chinese mathematics 
since the 6th century A.D. Takebe Kenko [j] (1664-1739, Japanese mathemati- 
cian), in the sixth volume of his book Taise Sankin [kl (General-summarized 
itfathematical Classic) definitely pointed out the rule (2). Kaida Anmyo [1] (1747- 
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1817, Japanese mathematician) proposed a question: “There are 365a degrees in a 
whole circle. Five stars A, B, C, D, E run 288, 19a, 13&, 113, 25 degrees every- 
day, respectively. If they start from the same radius vector, when will they meet 
at the starting vector?” 
By the mutual-subtraction algorithm he got the answer 368,172 days, and A, B, 
C, D, E had revolved 29,043, 19,404, 13,524, 11,232, 2800 times, respectively. 
Evidently this problem is the generalization of that of Zhang Qiujiang cited above. 
4. THE BEST APPROXIMATE FRACTIONS OF DECIMALS 
In the beginning, the mutual-subtraction algorithm was applied only to find 
Dengshu of two integers. We would suppose Chinese mathematicians subse- 
quently applied it to calculate the best approximate fractions of decimals. For 
instance, by way of the geometrical method Zu Chongzhi [ml (429-500) got the 
famous record, 
3.1415926 < 7~ < 3.1415927. 
He presumably proceeded with the aid of the algorithm 
31,4p5,926 
b 
10,000,000 
91 
q3 
4s. 
3 30,000,000 9,911,482 7.. .q2 
1,415,926 88,518 
1.5 1,327,770 88,156 I, q4 
88,156 362 
243 87.966 
190 
Evidently, 
31,415,926 I I I I 
10,ooo,000 = 3 + 5 + 15 + i + 243 + . . . , 
and the best approximate fractions are 
22 333 355 
=3,7’7@113’. . * q 
the fourth fraction of which is Zu Chongzhi’s accurate approximation. Needham 
said in [1959, 1011: “The ‘accurate value’ fraction 355/113 was . . . one of the 
continued-fraction convergents. ” It “was not equalled anywhere until the end of 
the 16th century.” 
If Needham’s words are true, we hold that it is probable that the denominators 
of the continuous fraction were obtained by the mutual-subtraction algorithm, the 
traditional tool already known before A.D. 263. 
How could Zu Chongzhi calculate 144 leaps in 391 years (Da Ming calendar [n], 
510-590)? It has been a puzzle for a long time. We have interesting material from 
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Song Shu [o] (Book of Song Dynasty, 420-479) that Zu Chongzhi’s astronomical 
records in decimals are 
days in a year: 
9,589 
365 - 
39.491 ’ 
days in a month: 
116,321 
___ 
3.939 
i.e., the number of months in a year is 
9,589 
365 39,491 l-691,772,624 
I l6,32 I = I2 + 4,593,632,61 I ’ 
3,939 
By the algorithm 
1,691,772,624 I 1 1 1 1 
4,593,632,611 =2+i+Z+i+s 
and the best approximate fractions are 
I I 3 4 7 144 - - - - _ __ 
2’3’8’ II’ 19’391’ 
the sixth of which is Zu Chongzhi’s result! 
Our conjecture on Zu Chongzhi’s work may well be true. We are convinced 
after seeing Takebe Kenko’s similar work in Tuisei Sankin. In the book he handed 
down to us a carefully made record of the calculation of rr. At first by the geomet- 
rical method from 1024-gon he had 
n- = 3.141,592,653,589,793,238,46 . . . , 
then he set 
314,159,265,358,979,323,846 a 
= 100,000,000,000,000,000,000 = 5. 
With the aid of the algorithm he gets 
r1 h 92 rl 43 
a=q1+p yI=q2+yI, G=q?+G,... 5 
where q1 = 3, q2 = 7,q3 = 15,q4 = 1, qs = 293,ge = 1, q7 = 1,~ = 1, q9 = 2,qlo = 
1 9.. . , and the best approximations are 
22 333 355 103,993 104,348 
5. CONGRUENCE OF FIRST DEGREE 
Problem 26, volume 3, Sun Zi Suanjing says: “There is a certain thing whose 
number is unknown. Repeatedly divided by 3, the remainder is 2, by 5 the remain- 
der is 3, and by 7 the remainder is 2. What will be the number?” The answer is 23. 
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The problem may be expressed in the system of congruences of first degree, 
x = 2 (mod 3) = 3 (mod 5) = 2 (mod 7), 
from which we should find Fr , F2, F3 to satisfy the following independent congru- 
ences, 
F, x 7 x 5 = 1 (mod 3) 
F2 x 3 x 7 = 1 (mod 5) 
F3 x 5 x 3 = 1 (mod 7), 
by mental arithmetic, 
F, = 2, F2 = 1, F3 = 1, 
and 
x=2x2x7x5+3x1x3x7+2x1x5x3 
= 140 + 63 + 30 = 233 = 23 (mod 3 x 5 x 7). 
Sun Zi solved the problem somewhat as we do; he says: “The remainder di- 
vided by 3 is 2, and so take 140. The remainder divided by 5 is 3, and so take 63. 
The remainder divided by 7 is 2, and so take 30. Adding them together we get 233. 
From there subtract 210, and we obtain the answer.” Moreover added Sun Zi: “In 
general, take 70, when the remainder of the repeated division by 3 is 1; take 21, 
when the remainder of the remainder of repeated division by 5 is 1; and take 15, 
when the remainder of the repeated divisions by 7 is 1. When the sum of these 
numbers is above 106, subtract 105, before we get the answer.” 
Although Sun Zi’s problem is only a special, numerical one, it has its general 
sense. If we find F, , F2, Fj to satisfy the congruences 
FlrnfrnJ = 1 (mod ml) 
Fzrnlrn3 = 1 (mod rnz) 
F3mlm2 = 1 (mod m3), 
then the solution of the system of congruences 
x = rl (mod ml) = rz (mod mz) = t-3 (mod m3), 
where (mi, mj) = 1; i j = 1, 2, 3; i # j is 
x 3 rlFImzm3 + r2F2mlm3 + r3F3m1m2 (mod mlmzm3). 
It is called the Chinese remainder theorem. 
It may be further generalized in two cases: 
(i) to increase the number of congruences, 
(ii) mi, mj may not be prime with each other. 
In ancient China people used both of these two cases. Qin Jiushao himself is a 
good example. For in 10 problems, sections 1 and 2 of his book, SSJZ, he not 
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only increased the number of congruences up to eight, but he let the moduli not be 
all relatively prime. 
However, all the cases finally would yield a common question, i.e., the crux, 
how to solve the congruence 
ax = 1 (mod b), (a, b) = 1. (3) 
Qin Jiushao had summed up a rule, Qiu Yi rule [p] (rule of finding the unity), to 
solve the congruence (3). 
Qiu Yi rule is a rule of a special program to solve the congruence (3), where a < 
b. The original statement of the rule is brief and obscure, but from the numerical 
records in the problems of SSJZ it is not too difficult to learn its essence. The rule 
is as follows: 
Step 1. Arrange a at the upper-right corner, b its bottom. Set up Tien Yuan [q], 
the unity (jr = 1), at the upper-left corner. 
Step 2. Divide the upper-right number by its bottom (b/a = q2 + t-z/a) and then 
set the quotient to multiply Tien Yuan. Put the result (Jo = q2j1 = q2) at the lower- 
left comer. 
Step 3. Divide the larger (upper-right number, a) by the smaller (lower-right 
number r2, aIt-2 = q3 + r-Jr*). Let the quotient (43) multiply the lower-left number 
and add to the upper-left number (j3 = q3j2 + jr = q3q2 + 1). Put the result at the 
upper-left corner. 
Step 4. Repeat the same process as before. 
j4 = q4j3 + j2 (Rut the result at the lower-left corner), 
j, = qsj4 + j3 (Put the result at the upper-left comer). 
. . . 
Step 12. It is necessary to let the final upper-right number be unity (i.e., to find 
the remainder r,, = r; = 1) [71, so that n is odd. Then the corresponding upper-left 
number is Cenglii [r], the answer to the congruence (3), i.e., 
jn = q&-I + i-2. 
Qin’s words may also be explained in the diagrams: 
Step 1 
jl a 
b 
q2 
Step 2 
43 
jt a 
j2 r2 
Step 3 
j3 r3 
.i2 r2 
q4 
Step 4 Step n 
4s 
h r3 . . j, r. 
.h r4 h-1 r,-1 
Problem 3, section 2 of S&E has a numerical example (see Fig. 2) in calculating 
the Kai Xi [s] Calendar (1207-1251), solving in modem symbols, 
337,873x = 1 (mod 499,067). 
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With arabic digits the processes of the solution are: 
Step 1 Step 2 
q3 
jf il a 
1 37&3 1 377,873 
b i2 
499,067 1 12;;94 
92 
Step 5 
; J;9 
j4 
33 626 
q6 
12 
Step 6 
q7 
3 
j, 
70 5:9 
rf, 
158 
Step 3 
j3 
4 ,4:*91 
j2 
1 12;1;94 
q4 
8 
Step 7 
HM 15 
Step 4 
9s 
2 
.i3 r3 
4 14.291 
i4 
32 6:;66 
Step 8 
Step 9 
6&l ;‘2 
3::2 2 
410 
6 
Step 10 Step II 
411 
11 
j9 r9 it, rti 
6,251 12 457,999 1 
41,068 .A0 rf0 1 41,068 A  rl0 1 
Having calculated up to here, Qin Jiushao concluded: “Cenglu 457,999 is the 
answer of the congruence.” 
It is obvious that the Qiu Yi rule is correct, for by the mutual-subtraction 
algorithm, 
h 1 1 1 -- - 
N 612 + 43 + . . . + y,, ’ where r,, = u:, = I, n is odd. 
In any continuous fraction 
q,+J- L 
I L, -=- 
42 + 43 + . . * + a,, .L ’ 
km = qmkm-1 + h-2, j, = q,j,-1 + h-2, 
k,j,,-1 + km-1.L = C-l)“, 
under the conditions restricted by Qin Jiushao, i.e., 
(a, 6) = 1, r,, = 1, n is odd. 
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step 11 st*p10 step 1 
FIG. 2. Episode from section 2, SSJZ. The processes of solving 377,873x = 1 (mod 499,067). 
Therefore 
k,+A, + k&+l = 1 
and k,,+, = a, j,+i = b, and j, is certainly the answer of the congruence (3). 
Although the Qiu Yi rule is rather compljcated, by reasonable revision it still 
has its practical significance to-day. Let us write down the process as the usual 
Euclidean algorithm. Instead of putting a and b in the right column put them in the 
upper horizontal line, and instead of saying that the final upper-right number is 
unity we let the final remainder be unity (r; = r, = 1) and let it appear at the end of 
the right column, The rule would be a vigorous tool used to solve the congruence 
(3), e.g., to solve 
65x = 1 (mod 83). 
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j, . . . 1 65 83 
43. I .1 -54 -65 2. . ,42 
qsj2+jl=jJ... 4 11 18 1...j2=qtjl 
4s.. . 1 -7 -11 1. . . q‘$ 
95j4 + j3 = .i5 . . . P 
--- 
4 7 5 . . . j4 = q4j3 + j, 
q7. . . _1 -4 1. . . q6 -3 
q7j6 + js = j7 . . . 23 1 3 14.. . j6 = q6j5 + j4 
The answer is 23. 
6. INDETERMINATE EQUATION OF FIRST DEGREE 
In the Qing [t] (1644-1911) Dynasty many mathematicians, such as Huang 
Zhongxian [u], Luo Tangfen [v], Shi Yechuen [w], and Din Quezhong [xl, studied 
systems of indeterminate equations of first degree. In general, they cancelled 
unknowns, step by step, and the system of linear equations sums up finally in the 
form 
ax + by = c, (a, 6) = 1. (4) 
They found the above equation equivalent to the congruence 
ax = c (mod b), (a, 6) = 1. (5) 
In the final analysis they solved this from the congruence (2) with the aid of the 
mutual-subtraction algorithm. 
1. Abbreviated as JZSS. 
NOTES 
2. In the paper we denote the greatest common factor of a, b, , c by (a, b, . c) and the 
least common multiple of a, b, . , c by [a, b, . . , cl. 
3. The numeration of Chinese counting rods is a decimal positional system. The digits used in the 
system are 
Type I. \ I1 III 1111 /I 
Type II. c s 8 9 s I 
read 1 2 3 4 5 
and read z I m as 4108,1111 lTl as 408, respectively. 
4. Abbreviated as SSJZ. 
5. Ii is a unit of length equal to about half a kilometer. 
6. All of the quotients 
Y.b aY ---=- Y,!=cy 
x a bx’ x c dx’ 
T 
: ,L 
m 7al empty 
& $ empty 
6 7 8 9 0 
y.f-ey -T--- 
x e fx 
should be integers, i.e., 
xla,xlc,xle; 
blu> dlu, fly. 
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y/x is the minimum and x, y  are relatively prime, therefore 
x = (a. c, e), Y = W, 4 fl. 
7. It is indeed the reason why the rule is named the Qiu Yi rule, the rule of finding unity. 
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